Subschemes of some association schemes  by Bannai, Eiichi
JOURNAL OF ALGEBRA 14, 167-188 (1991) 
Subschemes of Some Association Schemes 
EIICHI BANNAI* 
Department of Mathematics, The Ohio State University, 
Columbus, Ohio 43210 
Communicated by Peter M. Neumann 
Received November 2, 1988 
By using the character tables of known commutative association schemes, we 
can, in many instances, construct some new commutative association schemes as 
their subschemes. In particular, we obtain many new non-group-case association 
schemes from the group association schemes of finite simple groups. Although 
examples worked out in this paper are limited to some special cases, it might be 
possible that this phenomenon occurs universally for all the group association 
schemes of finite Chevalley groups. The subschemes obtained in this way could be 
considered as an association scheme version of Weyl groups for Chevalley 
groups. 0 1991 Academic Press, Inc. 
1. Introduction. 
2. A necessary and sufficient condition for the existence of a subscheme in terms of 
the character table. 
3. Subschemes of the group association scheme of PSL(2, q) with q even. 
4. Subschemes of the group association scheme of PSL(2, q) with q odd. 
5. Subschemes of the group association scheme of Sz(q). 
6. Remarks. 
1. INTRODUCTION 
An association scheme S = (X, {R..} I OGiid) is a pair of a finite set X and 
the set {Ri (0 < i< d)} of d+ 1 nontrivial relations on X satisfying the 
following four conditions. 
(1) K,= {(x, xl I =X}, 
(2) RouR,u ... uR,=XxXand R,nR,=(ZI (ifi#j). 
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(3) For each Z’E (0, 1, . . . . d}, ‘Ri (:= {(y, X) 1 (X3 y)ER,})=Rj for 
someje (0, 1, . . . . d}. 
(4) For each fixed (ordered triple of) i, j, k~ {O, 1, . . . . n}, 
pi.= J{zKYJ (x,z)E&and (z, y)ER,}I 
is constant whenever (x, y) E Rk. 
An association scheme satisfying the condition 
(5) pi= p; for all i,j, kE (0, 1, . . . . d} 
is called a commutative association scheme. 
Remark. Our terminology of association scheme follows 12, 51. In 
some literature association scheme refers only to symmetric or com- 
mutative association schemes. (Cf., for example, [6, 83). 
A subassociation scheme (called subscheme for brevity in what follows) 
of an association scheme 3 = (X, {Rijoc rid) is an association scheme 
s’=(x~ {Sj)O<j<d' ) which consists of the same set X and the relations Sj 
(0 <j < d’) with each Sj a union of some Rls. Obviously subschemes of 
commutative association schemes are commutative. 
In this paper, we study the problem of finding subschemes of given com- 
mutative association schemes. It seems that this problem has been studied 
extensively by Russian mathematicians. Two very interesting recent survey 
papers on the works by the Russian school are now available; see [7, 93. 
Here we adopt the term subscheme introduced by them. They also used 
the terms cellular rings and cellular subrings essentially for the 
Bose-Mesner algebras of association schemes and subschemes, respectively. 
In what follows, we consider only commutative association schemes 
unless the contrary is stated. 
Let fit-=(X (Ri}OGiGd ) be an association scheme. (This is equivalent to 
what is called a homogeneous coherent configuration in [8].) Let Ai be the 
adjacency matrix with respect to the relation Ri. Then AiAj= It=,, p:A, 
by condition (3), and so &, A,, . . . . Ad generate a semisimple algebra & 
(over C) of dimension d + 1. This algebra is called the Bose-Mesner 
algebra (Hecke algebra or centralizer algebra) of the association scheme .Y. 
An association scheme is commutative if and only if AiAj = AjAi for all i 
and j, i.e., if and only if the algebra d is commutative. 
Let T=(Jf, (Ri}O<i<d) b e a commutative association scheme. The 
Bose-Mesner algebra d has a unique set of primitive idenpotents E,= 
(l/WI ) J, E,, . . . . Ed (where J is the matrix whose entries are all 1). Thus, 
the algebra 1;4 has two bases, Ao, A,, . . . . Ad and E,, El, . . . . Ed. We denote 
by P the base-change matrix, i.e., 
(A,, A L, . . . . 4) = (Eo, E,, . . . . Ed . P. 
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So the entries in the ith column of P are the eigenvalues of the matrix Ai. 
We call P the character table of the commutative association scheme 3. 
P is also called the first eigenmatrix of 57. The term “character table” is 
justified in the following paragraph. 
Let G be a finite group. Let Co = { 11, C1, C,, . . . . Cd be all the conjugacy 
classes of G. Define the relations Ri (i=O, 1, . . . . d) by 
(x, y) E Rio yx-’ E ci. 
Then X=(G, {Ri}O<i<d) b ecomes a commutative association scheme. This 
association scheme is called the group association scheme of G. This 
association scheme is also obtained from the action of the group G x G on 
the set G: gcgl, g2) = g ; ‘ggt , (g, , g2) E G x G. Let P be the character table of 
this commutative group association scheme of G, and let us define the 
matrix T by 
T= 
where ki= IC,l, the sizes of the conjugacy classes, andfi are the degrees of 
irreducible characters of G. Then T becomes the character table of the 
group G in the usual sense. The matrices P and T are different only by a 
normalization, and one determines the other completely and easily. It 
seems that, in our viewpoint, the matrix P is more natural and easier to 
handle than T. 
The primitivity of an association scheme is defined as follows. An 
association scheme ?F= (X, (Ri)OCiCd), not necessarily commutative, is 
primitive if and only if for all i >/ 1 the graph (X, Ri) is connected. In the 
example of association schemes coming from the action of group G on X= 
H\G, the association scheme 9 is primitive if and only if the permutation 
group G on X is primitive (or equivalently H is a maximal subgroup of G). 
In the example ,of the group association scheme of G, the association 
scheme % = (G, {Ri)oci Cd) is primitive if and only if the group G is a 
simple group. Any subscheme of a primitive association scheme is 
primitive. 
Suppose we are given a commutative association scheme $5 = 
(X, (Ri}oc i,J and its character table P. In Section 2, we obtain a lemma 
(Lemma 1) which gives a necessary and sufficient condition for the 
existence of a subscheme of S in terms of the character table P. This 
lemma is very obvious, but very useful. In Sections 3, 4, and 5, we apply 
this lemma to study some subschemes of the group association schemes of 
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the groups PSL(2, q) and Sz(q). We can in fact show that there exist some 
interesting subschemes (of small class numbers). The character tables (and 
structure constants pi) of the subschemes are easily calculated. In addition, 
it is shown that these subschemes are non-group-case association schemes 
(except for some very small values of q), i.e., they are not obtained by 
taking the Rls as the orbits of a transitive permutation group G (on X) 
acting on Xx X. These subschemes (of small class number) seem to play a 
role similar to that of Weyl groups in Chevalley groups. Although the 
examples worked out in this paper are limited to some special cases, it 
seems that these kinds of subschemes exist universally for all group associa- 
tion schemes of Chevalley groups. It seems that they can be regarded as an 
association scheme version of Weyl groups for Chevalley groups. (We dis- 
cuss more examples in the subsequent paper.) In addition, we will see that 
there are some other kinds of subschemes of the group association schemes 
of PSL(2, q). I think that the existence of these many non-group-case 
association schemes suggests the importance of looking at association 
schemes for the study of finite groups. In Section 6, we conclude this paper 
by giving several additional remarks about subschemes of association 
schemes. 
2. A NECESSARY AND SUFFICIENT CONDITION FOR THE EXISTENCE 
OF A SUBSCHEME IN TERMS OF THE CHARACTER TABLE 
In this section we give the following lemma. 
LEMMA 1. Let X=(X, {Ri},,GiGd) b e a commutative association scheme 
and let P be the character table of X. (Note that the columns and the rows 
of P are indexed by RO, R, , . . . . Rd and E,, El, . . . . Ed, respectively.) Suppose 
the following three conditions are satisfied. 
(1) Sj (0 d j< d’) is a nonempty union of some Ris, and So, S, , . . . . Sd, 
give a partition of X x X satisfying the following two conditions: (a) SO = RO, 
(b) for each jE (0, 1, . . . . d’), IS,= Sjc for some j’E (0, 1, . . . . d’). (Note that 
the So, S1, . . . . Sdr give a partition of columns of P into d’ + 1 subsets.) 
(2) There exists a partition of the rows E,, E,, . . . . Ed of P into d’ + 1 
nonempty subsets FO, F, , . . . . Fdz, where Fj = the sum of the E;s in the jth 
subset of rows 0 <j < d’. 
(3) For each ordered pair i, je (0, 1, ,.., d’} let B,, which we shaN call 
a block, be the submatrix of P consisting of the rows in F, and the columns 
in Sj. Then B, has a constant row sum =p$. 
Then X’=(X {sj}o<j<d, ) is a subscheme of X=(X, (Ri}oGiGd). 
Conversely, ifX’= (X, (Sj)o<j<d’) is a subscheme of X= (X, {Ri)O<i<d)r 
then conditions (1 ), (2), and (3) are satisfied. 
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Remark. The character table of the subscheme is given by P’= 
(P;)o~i~d’,O~jw. 
Proof of Lemma 1. Lemma 1 is proved very straightforwardly from the 
facts that A,, A,, . . . . A, are diagonalized simultaneously and that 
Eo, E,, . . . . Ed are the projections of the space @X (with the natural 
hermitian inner product) into the d + 1 maximal common eigenspaces of 
A,, A 1, es.3 A,. We leave to the reader the checking of the details of the 
proof of Lemma 1, but note that if conditions (l), (2), and (3) are satisfied 
then the algebra spanned by the adjacency matrices corresponding to 
the relations S, (O<jj d’) is exactly of dimension d’ + 1, and so 
fE’= Cx9 (Sj}O<j<d') is shown to be an association scheme. (cf. (2.1)’ in 
l2, P. 531.) 
Remark. It was communicated to the author by M. H. Klin that 
Lemma 1 was essentially given by M. E. Muzichuk in his unpublished 
Ph.D. thesis at Kiev State University (1987): “V-rings of the Permutation 
Groups with Invariant Metric.” 
3. SUBSCHEMES OF THE GROUP ASSOCIATION SCHEME OF 
P&5(2, q) WITH q EVEN 
In this section we study subschemes of the group association scheme of 
PSL(2, q) with q even. In particular, we construct a subscheme of class 3. 
The character table T of the group PSL(2, q) is well known (cf. [ 111). 
From it we deduce that the character table P of the group association 
scheme of PSL(2, q), q even, is as shown (cf. [4, Sect. 1.11). 
TABLE I 
Character Table P of the Group Association scheme of PSL(2, q), q = 2’ 
I ll v’(l <[<q/2) wrn(l<m,(q-2)/2) 
1, 
: (q+l)(q-l) 
dq-l)~..dq--l) q(4+1)...q(q+l) 
ti 0 -(q-l).,, -(q-l) q+l..,q+l 
1 -(q+l) 
O,(l Cs<q/2) ! 0 
1 -(q’+ 1) 
-q(a” + C’“) 
1 q-1 
x,(l~~<(q-W) t : 0 dP”’ + P -,‘) 
I q-1 
Note. D = a primitive (q + l)st root of 1; p = a primitive (q - 1)st root of 1 
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(1) A Subscheme of Class 3 
Take 
so= Cl1 
s, = Cul 
412 
s2 = u b’l 
/= 1 
(4 ~ 2)/2 
s3= u rwml 
I?, = 1 
and 
F, = E($) 
412 
E;= 0 E(e,) 
s=l 
(4 ~ 2)/2 
Then, by Lemma 1, we get a subscheme .%‘=(X, {Si}OciG3) of class 3. 
(The constancy of the row sums in each block is easily proved by using the 
row orthogonality relation of P.) The character table P’ of the subscheme 
3”’ is given by 
[ 
1 (q+lNq- 1) q2(4- 1) 4(4+ m--2)- 2 2 
p’=(pb)= 1 0 -4(4- 1) (q+ 1x4-2) 
2 2 
1 -(4+ 1) 4 0 
1 q-1 0 -4 - 
with m, = 1, m, = q2, m2 = (4/2)(4 - 1 )2, and m3 = $ (q - 2)(q + 1)2. 
The intersection matrices (numbers) Bi= (P$)~< jG3,0GkG3 (i= 0, 1, 2, 3) 
of this subscheme are calculated as follows. 
B, = 
B2= 
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0 1 0 0 
(4+ l)(q- 1) q-2 q+l q-1 \ 
0 4’ (4+ l)(q-2) 4(4- 1) 
2 2 2 I 
0 ____ 44-2) (4+ l)(q-2) 4(4- 1) 
2 2 2 , I 
0 0 1 0 
0 4' (4+ l)(q-2) 4(4- 1) 
2 2 2 
q2(4-l) q2(4-2) 4(q2-3q+4) q2(4- 1) 
2 4 4 4 
0 q2(4-2) 9(4+ l)(q-2) 4(4- l)(q-2) 
4 4 4 I 
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4(4-2) (4+ l)(q-2) 0 ~ 4(4- 1)
2 2 2 
B,= 
0 q2(4-2) 4(4+1)(9-2) 4(4- l)(q-2) . 
4 4 4 
4(4+ l)(q-2) q2(4-2) (4+ wf--2)2 q3-q2-%I-4 
2 4 4 4 
By using the result of Liebeck, Praeger, and Sax1 [lo, Sect. 21 (which 
uses the classification of finite simple groups), it is easy to see that if 
q = 2’ > 8, then 55” is not a group-case association scheme. 
Remark. This association scheme was given by Tatsuro Ito in his 
unpublished work in connection with his study of sharply 3-transitive 
subsets. Namely consider the sharply 3-transitive permutation group 
G = PGL(2, q) with q = 2’, on the q + 1 points. For x, y E G, define 
(x, Y)E&-X=Y 
k Y)ERI - YX-’ fixes no point 
(x, ybR2-v-’ fixes one point 
(x, Y)E&-=-Yx-~ fixes two points. 
Then %“= (G, {Ri}oGis3 ) becomes an association scheme (which is 
isomorphic to the subscheme 3’ of class 3). (Proof of this fact by T. Ito 
was very involved and complicated. Our method gives a shorter proof.) 
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This association scheme was also known to A. Brouwer (see Remark 6 at 
the end of Section 6). 
(2) Some Other Subschemes 
In this subsection, we discuss the fact that there are some other 
subschemes of the group association scheme of PSL(2,q) with q even. 
One source is the action of the Out(PSL(2,2’)) (% Frobenius 
automorphism of Galois (GF(2’)/GF(2))) on the relations R,, R,, . . . . Rd 
and idempotents E,, E,, . . . . Ed. 
Another source is the imprimitivity of the action of dihedral groups 
D 2Cy+ i) and D,+ i) on q + 1 and q - 1 letters, respectively. 
Take the character table of the association scheme of the dihedral group 
D 2Cy+ i) of order 2(q + 1) acting on the q + 1 vertices of a regular (q + l)- 
gon. This character table is written as 
.! 
1 2 2 ‘.. 2 
s) 1; 1 . o/x+o--/”i 412 
If we take the lower right corner of the q/2 x q/2 submatrix and multiply 
it by -9, then that is exactly the same as the block B,, of the submatrix 
of P corresponding to the rows O,Y (1 <s < q/2) and the columns 0’ 
(16 16 q/2). Suppose that n = q + 1 is not a prime number and has a 
divisor n’( # 1, #q + 1). Then the association scheme of DzCq+ ,) acting on 
the n = q + 1 letters is imprimitive, hence has a quotient association scheme 
of class n’- 1. Obviously, there is a corresponding partitioning of the q/2 
relations into n’ subsets (hence a blocking of B,, into II’ rows and columns 
satisfying the conditions in Lemma 1). 
Similarly, considering the action of DzCy- ,) on the q - 1 vertices of a 
regular (q - 1 )-gon, from a divisor H”( # 1, #q - 1) of n = q - 1 we get a 
further blocking of the block B,, into n” rows and columns satisfying the 
conditions in Lemma 1. 
Strictly speaking, each subscheme of D,(,, i) acting on (q k 1) letters 
corresponds to a symmetric subscheme of the Schur rings over Z,, i. 
A survey of the problem of determining such subschemes is given in 
[7], though the complete determination of such subschemes i  still open. 
(Actually there are many such subschemes other than those mentioned 
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above. For example, subschemes are obtained for any subfield K with Q z 
KE Q(‘J*fi) by taking the orbits of the action of Gal(Q(q+fi)/K) on the 
rows and columns of the character table of D,(,, ,) acting on the (q & 1) 
vertices of a regular (q + 1 )-gon.) 
The above discussions imply that there are many subschemes obtained 
by combining the action of Out(PSL(2,2’)) and blockings of Bz2 and B,, 
coming from the imprimitivity of the action of dihedral groups of orders 
2(q + 1) and 2(q- 1). However, it seems that the subscheme of class 3 
constructed in Subsection (1) is very distinctive, i.e., it seems that in all 
other subschemes the relations are refinements of the relations of the 
scheme !E’= (X, (Si}OCi~i ) of class 3. (This claim was actually proved and 
will be published in a separate paper.) 
4. SUBSCHEMES OF THE GROUP ASSOCIATION SCHEME OF 
PSL(2, q) WITH q ODD 
In this section we study subschemes of the group association scheme of 
PSLL(2, q), q odd. Since the character tables of PSL(2, q), q odd, are 
slightly different according as q 3 1 (mod 4) and q = - 1 (mod 4), we first 
consider the case q = 1 (mod 4) (see Table II). 
( 1) A Subscheme of Class 3 
Take 
so= [iI 
s1= [U] u [ii’] 
&= (j [ii’] 
I=1 
&= (j [lP] 
t?l=l 
and 
481/144/l-12 
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A 
0 ‘T 
& 
+N b. 1 I TcI . . . I - 
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Then, by Lemma 1, we get a subscheme of class 3 with 
(2) A Subscheme of Class 4 
Take 
so= [iI 
s, = [U] u [ii’] 
I= 1 
b-l 
s,= iJ [W”] 
m=l 
s4 = [Sb] 
and 
f-o=E(lo) 
F, = Et+) 
f’2= & E(ei) 
i=l 
F,=the sum ofthose E(xj) (l<j<b)andE(tJ (i=1,2) 
whose value in the column Gb of P is equal to q 
F,=thesumofthoseE(Xj)(1dj<b)andE(~,)(i=1,2) 
whose value in the column Wb of P is equal to -4. 
Then, by Lemma 1, we get a subscheme of class 4 (for q > 9) with 
I 
1 42-1 4(4- II2 4(4+ l)(q-5) 4(4+ 1) 
4 4 2 
p’ = 
1 0 -(q-1)2 (cl+ 1x4-5) q+l 
4 4 2 
1 -(4+1) 4 0 0 
1 q-1 0 -2q 9 
-1 q-1 0 0 --4 
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(3) A Subsescheme of Class 5 
Take 
so= [i] 
si= [U] 
s, = [ii’] 
s3 = (J [ii’] 
I= 1 
S, = the union of those [W”] (1 <m < 6) and [&‘I whose 
value in the row t1 in P is positive (i.e., equal to 2q 
or 4) 
S, = the union of those [W”] (1 <m < 6) and [W”] whose 
value in the row [I in P is negative (i.e., equal to 
-2q or -9) 
and 
Fo=E(lo) 
F, = E(#) 
Fl= kj, E(ei) 
i=I 
b-l 
FJ = 0 E(xj) 
i=l 
J’d=E(t,) 
Fs = E(b). 
Then, by Lemma 1, we get a subscheme of class 5 (for q 2 9) with 
p’= 
l- q2- 1 -- q*- 4(4-l)’ 1 dq+l)(q-5) q(q+l)(q-1 
2 2 4 8 8 
1 0 0 - -(q-1Y (q+l)(q--) (q+lNq-1 
4 8 8 
-(q+ 1) -(q+l) l-- 2 2 q 0 0 
0 -4 0 
1 (q-1)1+ (q-l)Z 0 4(4-5) -4(4-l) 
4 4 
Ll (q-1)1- (q-1)1+ 0 - dv-5) ~ -4(4-l) 
4 4 
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(4) A Subscheme of Class 6 
Take 
and 
S,, Sr, Sz, S3 exactly the same as in (3) 
S, = the union of those [W”] (1 <m < b) whose value in 
the row {I in P is positive 
S, = the union of those [W”] (16 m <b) whose value in 
the row <r in P is negative 
s, = [W”] 
F,,, F1, Fz exactly the same as in (3) 
F3 = the sum of those E(;c~) (1 d j < 6) whose value in the 
column Wb in P is equal to q 
F4 = the sum of those E(xj) (1 < j < b) whose value in the 
column Gb in P is equal to -q 
F,=E(t-,) 
f’e = E(5d 
Then, be Lemma 1, we get a subscheme of class 6. (The character table 
P’ = (pk) is easily calculated, but we omit the details.) 
(5) Some Other Subschemes 
As we discussed in Section 3, (2), there are other subschemes of the 
group association scheme of PSL(2, q), q s 1 (mod 4). 
The block in P corresponding to rows ei (1~ i < a) and columns V’ 
(16 l< a) is essentially the main part of the character table of the dihedral 
group D, + r acting on the (q + 1)/2 vertices of a regular ((q + 1)/2)-gon. So 
there are further blockings of this block (satisfying the conditions in 
Lemma 1) corresponding to the imprimitivities of the association scheme 
of D,,, acting on (q + 1)/2 vertices. Similarly, the block in P corre- 
sponding to the rows xj (1 < j< b), li (i = 1,2) and columns W” 
(1 <rn <b) is essentially the main part of the character table of the 
dihedral group D,- 1 acting on the vertices of a regular ((q - 1)/2)-gon. 
Again there are further blockings of this block (satisfying the conditions in 
Lemma 1) corresponding to the imprimitivities of the association scheme 
of D,-, acting on (q - 1)/2 vertices. In addition, there are further 
blockings coming from the action of Out(PSL(2, q)). These discussions 
imply that there are many subschemes of the group association schemes of 
PSL(2, q), q = 1 (mod 4). However, it seems that all these subschemes are 
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P 
+N 
Q. 
I 
. . . - 
+ I 
4 -c 
2 
+ 3 
,P s 
- - 
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refinements of the class 3 subscheme in (1). (Is it possible to prove this 
claim? Actually this is shown to be true.) 
Finally, we consider the case q = -1 (mod 4). (See Table II). There are 
subschemes corresponding to (1 ), (2), (3), (4) and (5) for q = 1 (mod 4). 
(1)’ Take SO = [i], S1 = [ii]u [u’], S, = (JyzI [I?], S3 = 
Ui = 1 [W”]. Then we get a subscheme of class 3. 
(2)’ Take S,,= [i], S1 = [u] u [ii’], S2= IJy:; [v/l, S, = [iq, 
S, = U k = 1 [W”]. Then we get a subscheme of class 4. 
(3)’ Take SO= [i], S, = [U], Sz = [U’], S3 = the union of those [I?] 
(1 d 1 -C a) and [ti”] whose value in the row r, in P is positive, S4 = the 
union of those [I?‘] (1 Q 1 <a) and [V”] whose value in the row t1 in P is 
negative, and S, = lJi=, [W”]. Then we get a subscheme of class 5. 
(4)’ Take SO= [i], S, = [U], Sz = [ii’], S3 = the union of those [u’] 
(1 d 1 <a) whose value in the row <i in P is positive, S4 = the union of 
those [V’] (1 < I < a) whose value in the row t1 in P is negative, S, = [I?“], 
S6 = lJk = i [W”]. Then we get a subscheme of class 6. 
(5)’ Remarks similar to those in (5) for q = 1 (mod. 4) hold for 
q E -1 (mod 4) (with some obvious modifications). 
Finally, we remark that subschemes constructed above as (l), (2), (3), 
(4), (l)‘, (2)‘, (3)‘, (4)’ are all primitive and are non-group-case xcept for 
some very small values of q. 
5. SUBSCHEMES OF THE GROUP ASSOCIATION SCHEME OF Sz(q) 
In this section we study subschemes of the group association scheme of 
Sz(q), where q = 2*“+ ‘. The character table P of this association scheme is 
easily obtained from the character table T of the group Sz(q) (cf. [ 13, 
p. 1433). See Table IV. 
(1) A Subscheme of Class 5 
Take 
so= [II 
s1= co1 
s2 = [PI u [P-‘l 
s3 = u c41 
iel 
s,= u lx1 
kaK 
-i 
i 
P 
b 
II 
5 
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and 
Fo=E(dcJ 
F, =-W 
F3= CD E(YB) 
PSJ 
Fa= 0 JW,) 
YEK 
F,=E(q)OE(w,). 
Then, by Lemma 1, we get a subscheme of class 5. The character table P’ 
of this subscheme is given by 
p’ = 
1 k/*+1)(4-1) 
1 0 
1 q-1 
1 (q+r+l)(r-1) 
1 -(q-r+ l)(r+ 1) 
1 +I*+ 1) 
4(q2+ l)(q- 1) q*bl*+ l)(q-2) - 2 
0 (cl*+ 1)(4-2) 
2 
4(4- 1) 
-dq+r+l) 
-9(4-r+ 1) 
0 
-4* 
0 
0 
0 
4*(4-l)(q-r+ l)(q+r) 9*(4-l)(q+r+ l)(q-r) 
4 4 
-(4-l)(q-r+ l)(q+r) -(4-l)(q+r+ l)(q-r) 
4 4 
0 0 
q2 0 
0 4* 
4*(4--r+ l)(q+r) --4*(q+r+l)(q--r) 
2r 2r 
(2) A Subscheme of Class 6 
In (1 ), if we split S, into [p] and [p- ‘1, then we get a subscheme of 
class 6. (Note that F, also splits into E(w,) and E(cQ).) 
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(3) Other Subschemes 
The block in P written as q%;(n;) is essentially the main part of the 
character table of the dihedral group Dz+ ,) acting on q - 1 points. The 
blocks in P written as q?zf(n{) and q*&y2(7tz) are essentially the main part 
of the character table of the dicyclic groups Z, + ,+ , Z4 and Z, -. r+ i . Z, 
acting on Zq+,+i and ZyPr+i, respectively. Therefore, for divisors of 
q + r + 1, q-r + 1, we get corresponding quotient schemes, hence corre- 
sponding subschemes of the group association scheme of Sz(q). (Also from 
the action of Out(Sz(q)), we get other subschemes. 
6. REMARKS 
Remark 1. As mentioned at the end of Section 2, the class 3 sub- 
schemes 97 of the group association scheme of PSL(2, q) with q even were 
known to Tatsuro Ito. He found these association schemes through the 
following question. Let G be a sharply 3-transitive subset on a set Q. When 
the relations Ri (0 < id 3) are defined on G by 
(x, y)~R,*x=y, 
(x,y)~R((i=1,2,3)oyx-‘fixes(i-l)pointsofQ, 
does zt*=(G, {Ri}o<i<j ) become an association scheme? He proved that 
this is true for G = PSL(2,2’) (= PGL(2, 2’)). His proof of this result was 
very complicated as he directly proved that the p$ are independent of the 
choice of (x, JJ) E Rk by case-by-case discussions. (Ito also proved that this 
is not the case for G = PGL(5 q) for q odd. We can also easily confirm this 
claim by using Lemma 1.) 
Here is a brief description of a subscheme of PGL(2, q) with q odd. As 
proved in [12] (here we use the notation in [12]), PGL(2, q) with q odd 
contains two extra (group) characters whose values are given by 
and 
(sign).(Steinberg): A, : q, A, : 0, A, : (- l)a+b, B, : (-l)‘+ ‘. 
We divide the conjugacy classes in A, according as the value of the 
above sign character is 1 or - 1 and divide the conjugacy classes in B, 
according as the above sign character is 1 or - 1. Then, by using Lemma 1, 
we get a subscheme of class 5. (So from PGL(2, q), q odd, we do not get 
a 3-class association scheme; instead, we get a j-class association scheme.) 
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Remark 2. Although we have only considered subschemes of group 
association schemes in the previous sections, our method applies to other 
association schemes obtained from the action of the orthogonal groups 
O,,(q) acting on non-isotropic projective points (cf. [3]). The character 
tables of these association schemes are calculated in [S] and are (essen- 
tially) controlled by the character table of the group association scheme of 
PSL(2, q). Thus, we can construct many subschemes of these association 
schemes in a way very similar to constructing the subscheme of the group 
association schemes of PSL(2, q). We remark that our method applies to 
many other examples, beyond those explicitly mentioned in this paper. 
Remark 3. Although we have only studied subschemes of the group 
association schemes of rather small groups PSL(2, q) and Sz(q) in this 
paper, it seems that there always exists a natural subscheme for the group 
association scheme of any Chevalley group. In addition, it would be nice 
if the class number of this subscheme is to be independent of q or deter- 
mined by a congruence property of q (except for the case where q is too 
small). Although we have not worked out the details, it seems that there 
are classifications of conjugacy classes and irreducible characters for each 
Chevalley group known as we have seen in the previous sections for 
PSL(2, q) and Sz(q), and that the blockings of rows and columns of P to 
obtain the natural subscheme as given in Lemma 1 is very close to these 
classifications of conjugacy classes and the characters. Also, it seems that 
these natural subschemes are natural generalizations of Weyl groups. In the 
blocking of rows and columns of P, unipotent characters and unipotent 
conjugacy classes constitute blocks of single-element blocks. Since unipo- 
tent characters and unipotent conjugacy classes correspond to those of the 
Weyl group, those corresponding to the Weyl groups are part of the 
subschemes. Thus, it seems that these natural subschemes contain slightly 
more information than those obtained from Weyl groups. We discuss these 
situations further in the subsequent paper. Some results in this direction 
will be published by Y. Iwakata for subschemes of the group association 
scheme of PSL(3, q). It seems that the group association scheme of 
PSL(3, q) has no natural subscheme whose class number is completely 
independent of q. However, it seems that there is a subscheme whose class 
number depends on the power of 2 which divides q - 1. 
In [ 11, we mentioned four main sources (1 ), (2), (3), and (4) of 
(primitive) commutative association schemes. The group association 
schemes of finite simple groups constitute (3). In [ 11, we discussed the fact 
that for many examples of (l), (2), and (4), there exist (smaller) association 
schemes whose character tables control the character tables of the (big) 
original association schemes. Although the situations are slightly different 
in this case, it may be possible to regard these natural subschemes as 
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controlling the character tables of the group association schemes of simple 
groups in (3). 
Remark 4. It is an interesting problem to determine all the subschemes 
of a given association scheme, in particular of the group association scheme 
of a given simple group. As discussed in Sections 3 and 4, there are many 
subschemes of the group association scheme of PSL(2, q), and this problem 
seems to be still open even for PSL(2, q), although I believe that this is a 
soluble problem. 
We can introduce the natural partial ordering among the subschemes of 
a given (group) association scheme by the refinement of the relations. It 
would be very nice if we could determine or characterize the poset struc- 
tures for a given family of (group) association schemes. It seems that the 
class 3 association scheme of the group association schemes of PSL(2, q) is 
the only minimal element in this poset structure. It is possible to prove this 
conjecture? (This claim was subsequently proved and will be published in 
a separate paper.) 
We conclude this paper by recording the following two important 
comments made on an earlier version of the present paper by Akihiro 
Munemasa and Andries Brouwer, respectively. I thank them for their 
valuable comments. 
Remark 5. A. Munemasa has pointed out that the subscheme of class 5 
(constructed in Section 5) for the group association scheme of Sz(q) is not 
a minimal subscheme. Namely take 
so= Cl1 
~I=[I~lucPluw’l 
s3 = u Cd u u CGI 
JEJ keK 
and 
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Then, by Lemma 1, we get a subscheme of class 3. The character table of 
this subscheme is given by 
p’= 
1 t4*+ l)(q- 1) 4*t4*+ l)(q-2) $(4-l)* - 2 2 
1 0 h2+ lh-2) -4(4- II2 
2 2 
1 q2- 1 -q2 0 
.l +I*+ 1) 0 4* - 
Remark 6. A. Brouwer pointed out, in a letter to me of October 14, 
1988, that the class 3 association schemes (constructed in Sections 3 and 4 
of the present paper) which are subschemes of the group association 
scheme of PSL(2, q) were known to him for some time. Namely, this is one 
of an infinite family constructed by him by taking in PG(4 q) with quad- 
ratic form Q the nonisotropic points together with the three relations: the 
joining line is a secant, a tangent, or a hyperbolic line. The example in this 
paper corresponds to the case d= 3 with Q a hyperbolic quadric. The 
details of his results are available in Chapter 12 (in particular, 
Sections 12.1 and 12.2) of the book “Distance-Regular Graphs,” 
by A. Brouwer, A. Cohen, and A. Neumaier [S]. (The treatment by 
A. Brouwer is very geometric. Lemma 1 in this paper is applied to give an 
alternative algebraic proof of the results of Brouwer.) 
Note added in proof While this paper was waiting to be published, it was proved that the 
class 3 subscheme (given in this paper) in each of the group association schemes of PSL(2, q) 
(for q both even and odd) and of Sz(q) is in fact the minimum subscheme; i.e., any nontrivial 
subscheme is a refinement of this class 3 subscheme. This result, as well as related results, will 
be published in the paper “Subschemes of Some Association Schemes II,” by E. Bannai, 
Y. Iwakata, and A. Munemasa (in preparation). 
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